Waiting time is an important transport quantity that is complementary to average current and its fluctuation. So far all the studies of waiting time distribution (WTD) are limited to steady state transport (either dc or ac). The existing theory can not deal with WTD in the transient regime. In this regard, we develop a theoretical formalism based on Keldysh non-equilibrium Green's functions formalism to study WTD. This theory is suitable for dc, ac, and transient transport and can be used for first principles calculation on realistic systems. We apply this theory to a quantum dot system with a upward bias pulse and calculate cumulants of transferred charge as well as WTD in the transient regime. The oscillatory behavior of WTD is found in the transient regime. We give a general relation between WTD and experimental measured quantity and demonstrate its feasibility for a quantum dot system in the transient regime.
I. INTRODUCTION
Transport processes in mesoscopic systems are dominated by quantum effect and are stochastic in nature.
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Therefore in addition to average current, full probability distribution of charge transport called full counting statistics (FCS) is needed to fully characterize the quantum transport.
2-4 Indeed, noise spectrum (the second cumulant of current operator) and higher order fluctuations can provide additional information about quantum effect and nature of the interaction in electronic systems.
5-8
Experimentally, high order transient cumulants of charge passing through a quantum point contact have been measured up to 15th cumulant and universal oscillations were found in counting statistics. 9 Theoretically, finite frequency FCS has been studied using quantum master equation and scattering matrix approach. [10] [11] [12] [13] Less attention has been paid on FCS of transient transferred charge.
14,15
Besides FCS, another complementary quantity to characterize the stochastic processes is the waiting time distribution (WTD) which is the distribution of time interval between two successive events. 16 This quantity has been extensively studied in quantum optics 17, 18 long time ago which can provide us new insight of quantum correlation on the short time scale. Recently a scattering quantum theory for WTD was formulated by Albert et al that can be used to study WTD of dc electronic quantum transport 19, 20 and has been extended to steady state ac regime. 21 Despite of the success of this quantum theory, there are many open questions remained to be answered. For instance, since this quantum theory is applicable only at zero temperature and can not be used for transient dynamics, it is clearly desirable to develop a new theory at finite temperatures and in the transient regime so that the fluctuation theory 22 can be discussed and switching dynamics can be studied. We notice that charge distribution function P (n, t) has been measured experimentally for a quantum dot system in the Coulomb blockade regime 9 from which WTD can be deduced. Beyond the Coulomb blockade regime, it is very difficult to measure the distribution function and hence the WTD. The interesting questions are how to calculate high order cumulants of transferred charge in transient regime in order to compare with experimental results? How to relate WTD to experimental measured quantity if WTD can not be measured directly? It is the purpose of this paper to address these questions.
The main issue of FCS is how to calculate the generating function (GF) or cumulant generating function (CGF) from which we can calculate higher cumulants, the probability distribution P (n, t) and the WTD. Levitov and Lesovik have presented an analytical expression for the GF in the long-time limit using a gedanken experiment scheme of a "charge counter" in the form of spin precession. [2] [3] [4] The theory of GF for current was generalized to a general quantum mechanical variable by Nazarov and Kindermann, 23 and was extended to study short time behavior of dc and ac current using the wavepacket formalism. 19, 21, 24 In this paper, we develop a theoretical formalism for WTD for coherent conductors. Using the non-equilibrium Green's function 25, 26 and path integral method in the two-time quantum measurement scheme 27 , we obtain GF for the electron transport system which allows us to study FCS and WTD in dc, ac, and transient regimes. As an application of this theory, we calculate the cumulants of transferred charge from the GF and WTD of a quantum dot coupled by two leads in the transient regime and examine their temperature dependent behaviors. 28 Analytic results of very short and long time behaviors of WTD are obtained. In addition, we discuss how to obtain WTD from cumulants of transferred charge which have been measured experimentally. Finally we note that this general framework of NEGF can be combined with the density functional theory to study FCS and WTD from first principles.
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II. THEORETICAL FORMALISM
The central idea of FCS is to derive the probability distribution P (∆n, t 0 , t) of the number of the transferred electrons ∆n = n t − n 0 between an initial time t 0 and a later time t which can be done using two-time quantum measurement. 27 Defining the Fourier transform of the probability distribution as the generating function (GF) or characteristic function, we have
where λ is the counting field and ∆n can be either positive or negative. The jth moment of transferred charge (∆n) j and the jth cumulant (∆n) j are given by:
(2) From the GF, the distribution function for the number of the electrons can be found
In particular, the probability of no electrons detected during time t denoted as P (0, t 0 , t) (also called idle time probability) is found to be 
Now we consider the WTD. In the steady state, if we detect an electron at t = t 0 , the probability of finding the next electron at time t 0 + t is the waiting time which is related to the idle time probability. In this regime, WTD was found to be
where t is the average waiting time. We note that WTD depends only on t due to the translational symmetry on time in dc case. In the case of ac bias, averaging over a period was carried out so that WTD depends only on t again. 21 For the transient process, time translational symmetry is broken and there is no time periodicity either in the transport. Hence WTD depends on two time indices. WTD can be defined in two ways depending on the number of measurements performed.
1 One can define it similar to Ref. 19 where two measurements were done at t 0 and t 0 + t, respectively. We then have W 2 (t 0 , t) = −∂ t0 ∂ t Π(t 0 , t)/f 1 (t 0 ) where the subscript 2 denotes the number of measurement and f 1 (t 0 ) is a normalization factor. For transient dynamics the bias is turned on at t = 0, naturally we set t 0 = 0 in calculating W 2 . Since the probability of finding electron is zero at t = 0, it is not necessary to perform the first measurement at t = 0. Instead, we ask if we start observation at t = 0 how long we have to wait for the detection of an electron. This is the second definition of WTD W 1 with only one measurement. Obviously we have W 1 (t) = 0 at t = 0 + and t = +∞.
dτ is the probability of finding electrons in time interval t, the idle time probability Π(t) satisfies 1 − t 0 W 1 (τ )dτ = Π(t). Hence the WTD for transient processes can be expressed by the idle time probability as
A. Generating Function
To calculate the GF, we consider an isolated quantum dot and with two semi-infinite leads. The couplings between the two leads and the quantum dot are switched on at t = 0 so that
where we have used L, R and D to denote the left and right lead as well as the quantum dot, respectively. In addition, a step-like pulse is also applied to the left lead at t = 0. Note that the coupling between leads and the quantum dot and the external bias are turned on at the same time t = 0. This transient problem that is slightly different from the Cini's approach (partition free approach) where the coupling between leads and scattering region are turned on in the remote past while the bias is turned on at t = 0.
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Using the path integral formalism 26 , the GF based on two-time quantum measurement approach can be expressed in terms of Keldysh nonequilibrium Green's function which is given by
where,
Here Σ L denotes the self-energy containing the counting field and g is the Green's function of the isolated quantum dot. Note that the counting field is between t 1 and t while the bias is turned on at time t = 0. The Green's functions G and g as well as the self-energies Σ L and Σ R are all defined in the Keldysh space with the complex time contour being defined from time t = 0 to time t and then back to t = 0. Hence the determinant has to be evaluated in Keldysh space whose dimension is t. In the Keldysh space the Green's function and self-energy have the following form:
where
. We see that in the limit t 1 → ∞ while keepingt = t − t 1 finite, this formalism recovers the generating function Z(λ,t) of dc transport.
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Using Eq.(6), both W 2 (t 1 , t) and W 1 (t) can be investigated. Since W 2 (t 1 , t) is much more complicated and computational more demanding numerically, we will focus in this paper on investigating W 1 and related quantities in detail. In this case, t 1 = 0 and we will drop the first time index t 1 from now on. Using Eq.(9) the GF in (6) can be written in the following form:
where I is identity matrix and M is given by
In order to get various cumulants from Eq. (2), we take the derivative of the CGF which is ln Z(λ, t) with respect to λ The transferred charge during time t is:
where the trace is over both time space and real space. The current is obtained by taking time derivative of transferred charge,
Higher order cumulant of charge transfer can be calculated using Eq. (2). For instance, we find the chargecharge correlation to be
B. Short and long times behaviors
The WTD can be calculated using Eqs.(4) and (5). Now we examine its very short and very long time behaviors. Since Tr[GM ] is proportional to t 2 as t goes to zero, we find from Eq. This in turn gives P (n, t) = δ n,0 − (1/2)Tr(GM )(δ n,1 + δ n,−1 − 2δ n,0 )+ (1/2) ∆n (δ n,1 − δ n,−1 ) by averaging over the counting field, where ∆n is given by Eq.(12). We find the idle time probability Π(t) = 1+Tr(GM ) and distribution function P (±1, t) = (1/2)[−Tr(GM ) ± ∆n ]. In general we have P (n, t) ∼ t 2|n| at short times. Hence the probability of finding two or more electrons is zero up to t 2 . Finally, we arrive at the short time behavior of WTD
Obviously W 1 (t) is linear in t for very small t. Our numerical result confirms this behavior. It is easy to show that the next order contribution to WTD is of the third order in t. At very long time and zero temperature, we have
a is the transmission matrix and ∆ L is the Fermi level of the left lead. Obviously, Eq. (15) gives P (−n, t) = 0 for n > 0 which is expected since at long times there is no electron going to the left. Taking selective discrete time t as an integer t m and expanding GF in powers of e iλ , we have
where Π E stands for multiplication over energy,
After integrating λ from 0 to 2π, we find
So the long time behavior of WTD is Poissonian as expected.
III. NUMERICAL RESULTS
We now apply our theory to a simple quantum dot connected by two leads. since the electronic structure of the leads can be important, we abandon the wideband limit and consider lead with finite band width
where α stands for the left or right lead, Γ α is the linewidth amplitude and W 0 is the bandwidth, and assume that Γ L = Γ R = Γ/2. In the calculation we take Γ as the energy unit and hence the time and current are measured 1/Γ and eΓ, respectively. In this paper, we choose bandwidth to be W 0 = 10Γ, the energy level of the quantum dot as ǫ 0 = 5Γ, the Fermi levels of the left and right leads to be zero initially at t = 0 − . We change the Fermi level of the left lead at t = 0 to be ∆ L = 10Γ. Since the determinant of Eq. (6) is in the time domain, we have to calculate all the Green's functions and selfenergies in the time domain which is given in Supplemental material. 33 In the following we present results of the idle time probability P (0, t) and the probability for detecting one electron either from the left P (1, t) or from the right P (−1, t) during the time interval t by integrating Eq. (3) numerically.
In Fig. 1b , we plot the transient currents at different temperatures (k B T = 0, Γ, and 10Γ respectively). At T = 0 the current rises quickly to the maximum transient current and then shows damped oscillatory behavior in reaching the steady state limit. The steady state dc current can be checked by a separate calculation from Landauer-Buttiker's formula. This oscillatory behavior resembles the classical charging effect. The frequency of transient current oscillation is given by ∆ L /2 which is equivalent to a period of T 0 = 1.26. The damping rate is dominated by the life time of the resonant state of the quantum dot which is about 1/2. The relaxation time for transient current to reach the steady state is about 8. As we increase the temperature to k B T = Γ, the oscillatory behavior is almost gone and the steady state current is less than that at zero temperature with a much shorter relaxation time. At very high temperature k B T = 10Γ, the transient current quickly reaches steady state with no oscillation and the dc current is very small. Similar behaviors have been reported in Ref.14 where the bandwidth was varied instead of temperature. From Eqs. (2) and (3), we have I(t) = e n ndP (n, t)/dt. In Fig. 1c , we plot the contribution of P (n) to the transient current for n = −1, 1, 2, 3, 4. We see that at short times, P (±1) dominates and the transient dynamics can be well described using a few terms of P (n).
In Fig. 2 , we present the numerical results of WTD, the probability for detecting zero electron P (0, t) and one electron P (1, t) and P (−1, t) during time interval t at three different temperatures, k B T = 0, Γ, 10Γ, respectively. In contrary to the transient current, the WTD and the probability of detecting one electron are not very sensitive to the temperature when temperature is comparable to Γ, the coupling between leads and quantum dot. For very high temperature W 1 (t) decays faster initially and then at a slower rate compared with situations at low temperatures. At long times, the behaviors of W 1 (t) at three temperatures follow exponential form e −κt showing Poissonian distribution due to the fact that at long times the scattering events become independent. We notice that WTD at zero temperature has a small oscillation at short times which resembles the charging effect. At short times since the probability for detecting two or more electrons going through the quantum dot is very small, P (0) is approximately equal to 1 − P (1) − P (−1). We can see from the figure that at short times, P (−1) shows oscillatory behavior that is responsible for the oscillation of W 1 (t) as well as transient current at short times. Fig. 2 also shows that at high temperature k B T = 10Γ, Π(t) and P (−1, t) are much larger than that at low temperatures. At k B T = 10Γ, P (−1, t) does not vanish in the steady state limit and is still very large compared to P (1, t), this explains why the current of k B T = 10Γ is much smaller than the low temperature cases.
In Fig. 3 , we present the numerical results for the cumulants as a function of time at zero temperature and k B T = 10Γ, respectively, from which the linear long time behaviors are clearly seen as a result of Eq.(3) and (15) . We see from Fig. 3 that at long times n 2j and n 2j+1 are decreasing functions of j. However, this behavior does not hold at short times.
IV. RELATION BETWEEN WTD AND CUMULANTS
Now we discuss how to obtain the WTD from cumulants of transferred charge which can be measured experimentally.
34 From Eq. (2) we can construct a partial
where only a finite number of experimental measured cumulants are included since the series converges from the observation of Fig. 3 . The approximated WTD can be obtained numerically
In Fig.1d , we calculate WTD using Eq. (18) by including first mth cumulants where m = 8, 10, 12, 14 in the short times regime where the convergence is the worst. We see that by including more cumulants the approximated W m 1 (t) converges to the exact result. Beyond t = 6, the W m 1 (t) agrees with W 1 (t). Since cumulants of transferred charge have been measured experimentally, the WTD can be obtained using the information of cumulants of transferred charge.
V. CONCLUSION
We have presented a theoretical formalism to investigate FCS and WTD in the transient regime. In this formalism, the GF has been expressed in terms of nonequilibrium Green's function in Keldysh space and can in principle be implemented in the first principles calculation by combining non-equilibrium Green's function with density functional theory. We have applied this theory to a quantum dot coupled with two leads with finite bandwidth and solved Green's functions exactly in the transient regime. This enables us to calculate cumulants of transferred charges, its probability distribution function, and WTD in the transient regime. We analyze short and long time behaviors of WTD as well as the thermal noise contribution to the cumulants and WTD. We have also discussed how to obtain WTD using quantities that can be measured experimentally. In this supplemental material we present details on how to calculate Green's function and self-energy in the time domain in the presence of an upward pulse.
1 The equilibrium self-energies are chosen to be energy dependent with a finite band width W 0
so that the linewidth function is the following Lorentzian form
where Γ α is the linewidth amplitude. The self-energy in the time domain is defined as
is the equilibrium self-energy in the energy domain. Using Eq.(3), we find the retarded self-energy of the left lead:
where we have assumed Γ L = Γ R = Γ/2. For the lesser self-energy
where we have set E F = 0.
where E1(x) = ∞ x e −t t dt. At non-zero temperature, we have 1. if τ 1 = τ 2 , the integral is actually Hilbert transformation of the Fermi distribution function. 
The retarded Green's function in time domain is given by
where ω 1 , ω 2 , ω 3 are poles of equilibrium retarded Green's function satisfying the following equation
with
This integral can be calculated using the theorem of residue.
where ǫ ijk is the usual Levi-Civita symbol. Here G < can be calculated through the Keldysh equation:
The first term is zero if (g r ) −1 g < (g a ) −1 = 0 which is the case for steady states. In our case we should keep it in the transient regime calculation. In the calculation, we have chosen g < = 0.5i at t = 0 which makes sure that I L + I R = 0 and < (∆I L ) 2 >=< (∆I R ) 2 >.
